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1 Introduction

Differential equations have been studied since 1675, following the invention of calculus
[42]. Since then, much effort has been devoted to the analytic study of differential equa-
tions and many analytic methods exist. However, it is only relatively recently that algebraic
methods have been developed, which can be used to study the geometry of a differential
equation, non-dimensionalise equations or find identifiable parameter combinations in
biological models algorithmically [35].

Much is known about polynomials and polynomial rings from abstract commutative
algebra and there is a rich computational theory which can be used to study given systems
of polynomials, in which Groebner bases play a central part [10, Chapter 2]. It is possible
to adapt and generalise these methods to the study of differential equations [39].

In section 2 we present the theory of differential algebra and consider some of the
implications for differential equations. In sections 3 and 4, we consider dynamical systems
and show how to efficiently compute scaling symmetries and reduced dynamical systems.
Finally, we give a novel extension of these algorithms to the scaling symmetries of arbitrary
systems of partial differential equations (PDEs) in section 5.

1.0.1 Differential Algebra

Differential algebra was started by Joseph Ritt in 1932 and his later book "Differential
Algebra" remains a key reference [39]. Ritt lays out his theory of differential polynomials,
differential rings and differential ideals - with an emphasis on explicit constructions and
algorithms. He goes on to define and examine the algebraic differential manifold, which
begins the study of the geometry of differential equations.

One of Ritt’s most influential students was Ellis Kolchin [35]. Indeed, in 1957 Irving
Kaplansky, another differential algebraist, described differential algebra as being 99%
the work of Ritt and Kolchin [16]. One of Kolchin’s major contributions was the book
"Differential Algebra and Algebraic Groups" [29]. In this work Kolchin also looks at
differential field extensions, taking inspiration from Galois Theory. He goes on to define
the differential analogue of the Zariski topology of affine space and describes differential
algebraic geometry. Finally, differential algebraic groups are introduced in the final chapter
of the book, which is used in the Galois theory of differential fields.

More recently, the constructions of Ritt and Kolchin have found applications in modern
computer algebra, for instance in automated reasoning and proof [16]. However, for larger
problems of interest to applied mathematicians the methods are too computationally
expensive for practical use [17], hence the motivation for this work and that of Hubert and
Labahn [26], which we extend. Other modern generalisations have included a schematic
approach to differential algebraic geometry: see [31] for an introduction.

1.0.2 Dynamical Systems and Non-dimensionalisation

In applied mathematics, particularly mathematical biology, most modelling involves the
analysis and solution of differential equations. The solution of such equations involves
variables (for example, concentrations) and parameters (for example, rate constants for a
reaction) which may need to be estimated or eliminated, depending on the analysis. Dif-
ferential algebra has been successfully applied to the problem of structural identifiability,
a pre-requisite for estimating the values of parameters from data [35].



Generally, each variable or parameter has an intrinsic unit. For example: the concentra-
tion of a chemical species might be measured in moles per litre; the birth rate of a species
in a predator/prey model might be measured in number per year.

One of the very first steps in analysing these systems is to non-dimensionalise: the
process of turning the variables and parameters into dimensionless quantities, reducing
the complexity of the system. This removes the arbitrary choice of units, which introduces
a scaling symmetry; we could scale time so that it is measured in seconds or years while
not fundamentally changing the system.

Indeed, the Buckingham Pi theorem states that if we have n physical variables, each
expressed in some combination of m fundamental dimensions, then there are m funda-
mental variables and the remaining n — m variables can be expressed in non-dimensional
quantities [46, Section 5].

There are many benefits to non-dimensionalisation [15]:

¢ It reduces the number of variables and parameters, making the system easier to
analyse or solve analytically.

number of predators
number of prey

* Variables can be easier to interpret. For example, considering the ratio
may be of more interest than the actual numbers themselves.

* Reducing the number of parameters vastly reduces the parameter space. Analysing
the solutions to a model by varying % € R is much cheaper than analysing it over
]{51 X ]{f2 e R2,

* Non-dimensionalising can help with model comparison. Population dynamics of
mammals and bacteria look very different over a series of days, but look very similar
after adjusting for lifespans.

Usually non-dimensionalisation is done by hand and is a skill practised over many
years. In addition to being cumbersome, there is no well defined method and superficially
different non-dimensionalised systems can be found.

Non-dimensionalisation is an example of reducing the number of scaling symmetries of
a system. More generally, variables of differential equations may exhibit extra symmetries,
which are integral to the system being modelled. Analytic methods of exploiting the
symmetry of an arbitrary Lie group action on the solutions to obtain reduced systems exist.
However, many of these techniques are not widely known in the physics and applied
mathematics communities [14, Chapter 16]. While we will not examine these, we will take
some guidance from them in later sections. Further reading on this topic can be found in
[13, 2,36, 14, Chapter 16].

However these methods are computationally expensive for large systems, due to their
reliance on the algorithms of differential algebra. Herein lies the motivation for restricting
our attention to scaling actions - they are very efficient to find and exploit computationally.
Evelyne Hubert and George Labahn have demonstrated that in the case of finding scaling
symmetries it is possible to do so using only computationally efficient methods relying on
linear algebra over the integers [26]. It is their methods we present and expand upon in
sections 3 and 4.

First we show how non-dimensionalisation is currently done, by providing a motiva-
tional example, to highlight the value of an algorithmic approach.

Example 1.1. Consider question 2 from problem sheet 1 of the Part B course Further
Mathematical Biology [4].



We consider the system of differential equations

ds

% = —k’1€08 + (1{715 + k'_l)C (1)
dc
a = k1€08 - (kls + k—l + kz)C (2)

where s, c are the concentrations of two chemical species, s, € are the initial concentrations
and kq, k_q, ko are rate constants.
The first part of the question is to non-dimensionalise with the non-dimensionalisation:

k_ ky+k e
u:i7 UZE’ )\:_17 K: ! 27 62_07 O-:klsot (3)
S0 €o k1so k150 50

This gives a new system:

du_ 1 ds
do ks dt
dv 1 dc

v % u—uv- Kv. 5
do kleoso dt uou v ()

= —cu + €uv + \ev, 4)

This begs the question, how does one find a non-dimensionalisation of a system?
Let us forget the non-dimensionalisation given in equation (3). One way is to choose
non-dimensional quantities from the model. Clearly, s and s, will have the same units,
so it is natural to consider . This is how the first two non-dimensional variables of
equation (3) were found.

The more general ad-hoc method is as follows:

1. Identify the variables of your system. That is: s, c, .
2. Rewrite them as the product of a scaling parameter and a dimensionless variable:
s=au c=pv t=~T1 (6)
where «, 3, v are the scaling parameters and u, v, 7 are the new variables.

3. Substitute them back into the original equations:

du k_

o = ~hieoyu+ (kyu+ =) By 7)
T a

do_ kleo(wu - (krou+k_1 + ko)yv (8)

dr 16

4. Choose the scaling parameters so that we remove as many constants as possible.
There is no one way to do this but often some "natural’ choices will present them-

selves.

The term k;epyu suggests that we should choose v = ﬁ Equation (1) becomes
du o (eusi)Bo o fu kB
dr k1eq e kiepa

which suggests the choice f = ¢.



We could then choose « = kk—‘ll, but instead we will look at equation (2) for a more
natural choice of scaling parameter. By natural, we mean that our original quantity
s represents a concentration and, while kk—_ll has the same units after inspection, there
may be a more canonical choice.

Equation (2) becomes:
dv  « ~ kiou+k_1 + ko

—=—u
dr €0 ]Cl €0
which suggests a more natural choice of a = ej.

After gathering constants and defining;:

ko ey
_lﬁeo a kieo

A

our final system of equations becomes:

du

— = —u+uv+ A\v )
dr
@=u—uv+()\+,u)v (10)
dr

The new system given by equations (9) and (10) is much simpler, involving fewer
parameters, than our original system. However, arbitrary choices were made and it
is clear non-dimensionalisation is non-unique; rational invariant theory will provide
an explanation in section 3.4.

2 Differential Algebra

Differential algebra is the study of differential rings, which are rings with extra structure:
a set of derivations. Many of the classical results from constructive ideal theory, commu-
tative algebra and algebraic geometry have useful analogues in differential algebra. In
this section, we give the definitions and theorems that will be needed later. We will also
give a brief description of some nice results which, while not needed for analysing scaling
symmetries of dynamical systems, will be familiar to algebraists and have consequences
for differential equations.

2.1 Definitions and First Results

For this section, proofs will generally be omitted when similar to their counterparts in
commutative algebra but will be included when instructive. See Ritt [39], Kolchin [29] for
the original constructions or [37, 28] for more modern treatments.

Definition 2.1. Let R be a ring. A map 0: R — R is called a derivation if:
1. 9(a+b) =09(a)+9(b) and
2. d(ab) = 9(a)b+ad(b)

forall a,b € R.



Definition 2.2. A differential ring is a pair (R, A) with R a commutative unital ring and
A ={04,...,0n,} aset of commuting derivatives 0, : R - R.
By saying that A commutes, we mean that

9; (05 (r)) = 95 (9i (1))

forall1<i<j<m.
If R is also a field, then we call R a differential field.
We will often denote the differential ring (R, A) by just R.

Definition 2.3. If A = {0}, then we call R an ordinary differential ring. In this case, for x € R
we also write the image under 0 as

x':=0(x).
We also define (") := 9" (z). By convention, (%) = z.

Theorem 2.4 ([28, Theorem 1.1]). Given a differential ring (R, ), where R is also an integral
domain, we can extend each 0; € A to the field of fractions F' = Frac(R) as follows:

9, (%) _ (0; a)bb—Qa(E)i b)

Furthermore this extension is unique. We will refer to (F,A) as the field of fractions of
(R, Q).

Definition 2.5. The constants of a differential ring (R, A) is the set
Re={reR|0(r)=0 VOeA}.
R* is then a sub-ring of R, or a sub-field if R is a field.
Example 2.6. Let 0: R — R be a derivation. Then:
(1) =0(1-1)=8(1)-1+1-9(1) =28(1)
which implies d(1) = 0. Furthermore, if Q c R then Q c R,

Example 2.7. Let r € R, with R a differential ring. Since R is commutative, r and 9(r)
commute and it can be easily shown by induction that:

o(r"™) =nr" 1 a(r)

Furthermore, we can extend 0 to a derivation of R[], the polynomial ring over R, by
choosing () arbitrarily and extending by linearity and the Leibniz product rule.

2.1.1 Differential Polynomials

In classical commutative algebra, one of the most important constructions is the poly-
nomial ring R[4, ...,2,]. The corresponding construction in differential algebra is the
ring of differential polynomials R {z1,...,x,}. This is the set of polynomials in the z; and
their derivatives 07" ... 0} z;, together with the natural derivations. We give a formal
construction taking inspiration from [37, Section 2].

For the rest of this section, let Y = {y1,...,y,} be a set of n indeterminates.
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Definition 2.8. Let (R, A) be a differential ring.

1. Let © be the free monoid on A:

O={0=0"...0m

67;EN}.

We say that Idg € © is the empty word. We say that the order of § = 07' ... 0, is

e1+...+e€n.

2. For s e Nwe define
O(s) = {9:8?...82;” |eieN,Zei§5}.
3. We define
OY ={yp|0eO,i=1,....,n}.
Definition 2.9. The differential ring of polynomials over (R, A) is the differential ring
(B{Y},A) = (R[OY],A)
with derivations extended to y; o by

0; (yi,e) =Yi0;0

where 0; 0 is the concatenation in ©.

The y; € Y are known as differential indeterminates of R{Y }. The 6y, € © are known as
differentials.

For 6 = 07" ...0;", we will also write:

Yi(e1,e2,...em) = Yi,o = 9%
where y; (o....0) = ¥; by convention.

Definition 2.10. Suppose that R is an integral domain. Then R{x} is an integral domain
and we can form its field of fractions. This is the set of rational differential functions and we
denote it by

R(Y') := Frac (R{z}).

Definition 2.11. By the degree of a differential monomial, we mean the algebraic degree
considered as an element of R[OY].

The order (or degree) of a differential polynomial [’ is the maximal order (or degree)
over the monomials appearing in F'.

Example 2.12. For instance, working in (C{y1,v2,ys},{01,02}):
* y; 01 y2 is a monomial of order 1, degree 2.
o (63 y1)(01 y2)y? is a monomial of order 2, degree 4.

o 8‘? Yo + 02y is a linear differential polynomial (degree 1) of order 3.



2.1.2 Differential Ideals

Now we define differential ideals and quotients and note that the first isomorphism
theorem holds.

Definition 2.13. Anideal / < R of a differential ring is a differential ideal if a € I = Oa e I
forallae R, 0 € A. Equivalently, if 01 := {0a | VYae I} c I foreachde A.
Given a subset S c R we define [S] to be the smallest differential ideal containing S.

Note ([29, Section 1.2]). Given a set of differential ideals {/;},_; both N;e; I; and ¥;c; I;
are differential ideals.

Definition 2.14. Let [ < R be a differential ideal. Then for 9 € A we can define a derivative
on the quotient differential ring:

d(a+1):=0(a)+1

This definition is independent of the choice of representative and gives us the quotient
differential ring (R /1, A,), though we will drop the ¢ in general.

Definition 2.15. Let (R, Ag), (S, Ag) be differential rings. A differential ring homomorphism
is a ring homomorphism ¢ : R — S and map of sets 1) : Ap - Ag that are compatible:

p(0(r)) =(9)(p(r)), VreR,0elg.

The definition for a differential ring isomorphism follows analogously.

Theorem 2.16 ([29, Section 1.2]). Let ¢ : R - S be a map between differential rings. Let
I =ker . Then I < R is a differential ideal and

R /I =im(y).

Corollary 2.17 ([37, Corollary 2.2]). An ideal I < R is a differential ideal if and only if (R /1, 0)
is a differential ring.

Example 2.18. We briefly discuss how we describe differential rings and fields. If we have
a differential ring R and want to add an element y such that y’ = x for some = € R, we can
formally construct our new ring as:

R{y}/[y' - 7]

in the same way we adjoin roots of polynomials in commutative algebra. That is, v/2
satisfies t2 — 2, so if v/2 ¢ R we have an isomorphism

R[V2] = R[t]/(t* - 2).

In the differential case, e” satisfies the differential polynomial ¥’ — y in a ring R, with e® € R
and 0 = . Hence we have

Rle*] = Riy}/[y' -yl
Note that this is equivalent to considering the ring R[y] and extending 0 : R - R by
d(y) = y. When describing differential rings, we may use either convention.



2.1.3 Radical Differential Ideals

Now we come to one of the first real differences in the theory of commutative algebra and
differential algebra: the importance of radical differential ideals. We will soon see that the
differential ideals of ‘well behaved’ differential rings fail the ascending chain condition.
This suggests that if we want generalisations of results from commutative algebra, like
Hilbert’s Nullstellensatz or Noether’s Normalization Lemma, we will need to work with
something else: radical differential ideals.

Even a priori, this will not be overly restrictive when we come to generalise algebraic
geometry. Indeed, for k an algebraically closed field, we have a 1-1 correspondence

{algebraic subvarieties of k"} < {radical ideals I < k[z1,...,z,]}

so there is reason to hope differential algebraic geometry will still behave in a similar way
to regular algebraic geometry.

Definition 2.19. Anideal / < R is:

1. a prime differential ideal if it is a prime ideal and a differential ideal.

2. aradical differential ideal if it is a radical ideal and a differential ideal: I = rad I.
Lemma 2.20. The intersection of differential radical ideals is again a differential radical ideal.

Proof. The intersection of a set of radical ideals is radical and the intersection of a set of
differential ideals is a differential ideal. O

Definition 2.21. Given a subset S c R, there exists a unique minimal radical differential
ideal containing S denoted by {S}.

Example 2.22 ([37, Example 1.11]). Constructing {S} is not always trivial. Recall that [ 5]
is the differential ideal generated by S. In general: {S} # rad([.S]).

Consider the ordinary differential ring R = Zs[z,y], with 2/ = y and ¢’ = 0, and the
differential ideal I = [22]. Since (22)’ = 2y = 0, it is clear that I = 22 R. If follows that
rad I = x R. However rad I = x R is not a differential ideal as =’ = y ¢ rad .

The following example illustrates the difference between differential ideals and radical
differential ideals.

Example 2.23. Suppose I < R is a radical differential ideal and ab € I for a,b € R. Then for
each 0 € A:
d(a)b, ad(b) € I.

Note d(ab) = d(a)b+ad(b) € I so in particular a d(b) d(ab) = abd(a) I(b) + (aI(b))? € I.
As I is radical, (a9(b))% € I = ad(b) € I. This generalises to:

ajas...a, €l =090(ar)as...a, €l
In contrast, if I is not radical, we only know that
d(ab) =0(a)b+ad(b) e l.

From commutative algebra, we know that the radical of an ideal is the intersection of
prime ideals containing it. There is an analogous statement in differential algebra.



Theorem 2.24 ([37, Theorem 1.2]). Let I < R be a radical differential ideal. Then there exists a
set of prime ideals {P;} ;_; such that:
-Ne,

jeJ

In commutative algebra, the radical of an ideal plays an important role when consid-
ering affine varieties. While the radical of a differential ideal is not always a differential
ideal, it is when we are working over a Ritt algebra [28, Chapter 1].

Definition 2.25. A Ritt algebra is a differential ring (R, A) such that Q c R.

Lemma 2.26 ([28, Chapter 1]). Let I < R be a differential ideal of a Ritt algebra with a € R such
that a™ e I for some n € N. Then (0(a))?*~1 € I for each O € A.

Lemma 2.27 ([28, Chapter 1]). Let I < R be a differential ideal of a Ritt algebra. Then rad I is
also a differential ideal.

Proof. Let a e rad I, so a” ¢ I for some n. By the previous lemma, (9 (a))* " € I which
implies 0 (a) erad I. O

Corollary 2.28. For S c R, R a Ritt algebra, we have

{5} = rad([S]).

Lemma 2.29 ([37, Corollary 1.1]). Let I < R be maximal among proper differential ideals of a
Ritt algebra. Then [ is prime.

Note ([37, Example 1.13]). Not all maximal differential ideals are prime in general. Con-
sider M = [22] in R = Zs[«z] with O(x) = 1. Then M is a maximal differential ideal but not
prime

2.1.4 Ritt-Noetherian Rings

Definition 2.30. We say that a set Z of ideals in R satisfies the ascending chain condition if
every chain (subset of Z totally ordered by inclusion) has a maximal element in the chain.

Example 2.31 ([7, Example 1.4]). The set of differential ideals of Q{z} does not satisfy the
ascending chain condition (ACC). The chain of differential ideals

[za'] c [za’, 2’2" ] c [z’ 2’2" "2 ] c ...
does not stabilise.

Definition 2.32. We say that a differential ring R is Ritt-Noetherian if the set of its radical
differential ideals satisfies the ascending chain condition.

Theorem 2.33 (Ritt-Raudenbush, [37, Theorem 2.1]). If R is a Ritt-Noetherian differential
ring, then so is R{y}.

Proof. See [37, Theorem 2.1] for a proof using characteristic sets, which are introduced in
the next section. Alternatively, see [19, Theorem 3.23]. O

Corollary 2.34 ([37, Corollary 2.1]). For all radical differential ideals J of R = F{y1,...yn}
there exists a finite subset S c R such that J = {S}.
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In particular, the solutions to any infinite set of differential polynomials in finitely
many differential indeterminates over a differential field are perfectly described by a finite
number of differential polynomials.

Lemma 2.35 ([37, Theorem 2.2]). If R is a Ritt-Noetherian Ritt algebra, then for every radical
differential ideal I there exists a finite set { P, ... Py} of prime differential ideals such that:

I=

i

k
P
=1

2.2 Ritt-Kolchin Theory

In this section, we focus our attention on differential polynomials and the Ritt problem.
The Generalised Ritt Problem: Given finite subset W c F{y,...,y,} of differential
polynomials, decompose the radical differential ideal {1V} as an irredundant intersection
of prime differential ideals:
{(W}y=PinPn...nP,

The Ritt problem can be formulated in many equivalent ways [15] and remains un-
solved in general. However, it is possible to find a decomposition (not necessarily irre-
dundant) algorithmically [44]. The core algorithm for this decomposition is the Rosenfeld-
Groebner algorithm, introduced by Boulier ef al.in 1995 [3], which decomposes a radical
differential ideal into an intersection of prime differential ideals and gives their corre-
sponding characteristic sets [44]. It is implemented in Maple as the ROSENFELDGROEBNER
function [34, 37, Section 4].

The Rosenfeld-Groebner algorithm should not be confused with the Ritt-Kolchin al-
gorithm. While the Ritt-Kolchin algorithm solves the same problem and precedes the
Rosenfeld-Groebner algorithm, it relies on the solution of the so-called factorisation prob-
lem: determine whether a given ideal is prime and, if not, find two polynomials lying
outside the ideal whose product lies in the ideal [15]. This is computationally expensive,
so has not been implemented [15].

The Rosenfeld-Groebner and Ritt-Kolchin algorithms, which work with characteristic
sets, should also not be confused with differential Groebner bases methods [33, 21, 1].

The Rosenfeld-Groebner algorithm has many uses [34]:

* Solving differential systems with an elimination ranking by putting the differential
equations in triangular form.

¢ Solving differential systems with an orderly ranking; finding the lowest order differ-
ential equations vanishing the solutions of a system. In particular, it may be possible
to find purely algebraic constraints.

¢ Constrained systems: mixed ranking. It is possible to obtain equivalent systems of
differential equations that are unconstrained by eliminating any constraints.

¢ Solving PDEs: lexicographic ranking. It is possible to derive ODEs from PDEs - a
process that has applications in determining Lie group symmetry.

¢ Simplifying systems of differential polynomials: it can remove any polynomials
from a system that can be derived from the others.

11



For an excellent in-depth tutorial on these algorithms see [44, 29]. For a comparison
of some of these algorithms see [1]. Furthermore, a modern summary with a focus on
symbolic computation can be found in [45]. For an example application - automatically
deriving Newton’s gravitational laws from Kepler’s laws - see [45].

2.2.1 Definitions and Basic Theory

For the rest of this section, let (F,A = {01,...,0,}) be a differential field, where F is of
characteristic 0. Let
R=F{Y}

be the polynomial ring in n differential indeterminates, where Y = {y1,...,y,}.
Definitions in this subsection are taken from [37, Section 2.2].

Definition 2.36. A differential ranking < on ©Y is a well-ordering (a total ordering where
every non-empty subset has a least element) such that:

1. Forallu,v e ©®Y and 0 € A:
U<V = Qu<ir 0.

2. Forall 8 + Ide:
u <93 Ou.

For the rest of this subsection, fix a differential ranking <z on ©Y".

Definition 2.37. 1. The leader of a differential polynomial F' € R is up, the largest
differential 0y, that appears in F’ with respect to <.

2. The initial of F' is I, the leading coefficient of /' when written as a univariate
polynomial in the leader uz:

-1
F=Ipuh +apqul.” + ..+ a.

3. The separant of F'is Sp := $o-—.

Definition 2.38. For F, G € R we say that F' is partially reduced with respect to G if none of
the terms of F' contain a proper derivative of u.

We say that F' is reduced with respect to G if it is partially reduced with respect to G
and if ur = ug then deg,, (F') < deg, . (G).

We say that a subset A c R is autoreduced if for all ', G € A with F' # G then F'is reduced
with respect to G.

Lemma 2.39 ([29, Section 1.9]). Every autoreduced set is finite.

Now we introduce an ordering on autoreduced sets, so that we can introduce minimal
autoreduced sets [37].

Let A={A,...,A,},B={DBy,...,B,} be autoreduced sets.

Given <y, we define a partial order < on the differential polynomials: F' < G if up < ug,
or if up = ug and deg,, (F') < deg, .(G).

We can order the A; by <, as it is a total order on autoreduced sets. We also order the
B;. We compare A and B by comparing A; and B;, starting from ¢ = 1, declaring the largest
(as a set) the smaller autoreduced set if we run out of pairs.

In particular, A < B if:

12



1. there exists ¢ < min(p, ¢) such that A; < B; and - (B, < A;) for j < i, or
2. g<pand - (Bj < A;) fori=1,... ,min(p,q).

Definition 2.40. Let I < R be a differential ideal. A minimal autoreduced subset of I is
called a characteristic set.

Lemma 2.41 ([1, Theorem 5.10]). Every set S c R has a characteristic set.

Definition 2.42 ([44, Definition 6.1]). A partial remainder of F' € R with respect to a
nonempty autoreduced set A is a differential polynomial F', partially reduced with respect
to A, such that there exist a € A, m, € N such that

[T F-FelA],
acA

where 9, is the separant of a € A.

2.2.2 Algorithms

Algorithm 2.43 ([44, Procedure 6.3]). Ritt-Kolchin’s Partial Remainder Theorem
Input A differential ranking, a non-empty autoreduced set Ac Rand I € R.
Output F, a partial remainder of F'.

Algorithm 2.44 ([44, Section 10]). Rosenfeld-Groebner

Input A differential polynomial ring R = F{Y }, with char F = 0 and |Y'| < oo, a ranking on
©Y and a non-empty finite set W c R.

Output A finite, possible empty, set A of autoreduced sets of R such that:

1. for each A € A, there exists a prime differential ideal P, with characteristic set A;

2. {W} = mAE.APA'

Using algorithm 2.43, it is also possible to test ideal membership, using the character-
istic sets of each P4 [1, Section 5]. For details of the Rosenfeld-Groebner algorithm, see
[3, 21, 44]. We leave out the details of these two algorithms and discuss their uses instead.

2.2.3 Examples

Example 2.45. Consider example 1.1, our non-dimensionalisation example, given by:

ds
% = —kleos + (/{:15 + ]C_l)C7
Z—;: = k1€08 — (1{715 + k',l + k}g)C.

The output with respect to the elimination ranking s <gq c is:

ds
ot kiegs

B kls + ]{],1 ’
d25 (%)2 ]{?1 + (—k%82—k’1 (k’2+2k’_1)8—k3_1 (k?1€0+]€2+k’_1) %—eok’lk’gs (k’18+k3_1)
a2 kys+ ki '

This results in a differential equation for s and an exact solution for c as a function of s
and &,
di
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Example 2.46. Maple’s ROSENFELDGROEBNER is very sensitive to the ranking. Consider
the system described by:
d?x )2 d?y

ﬁ ——1:0.

(dx)z‘x(xw):@*y(IW):( "

dt dt

With an elimination ranking z <iy, ROSENFELDGROEBNER algorithm terminates

within a couple of seconds, indicating the system is inconsistent and no solution ex-

ists. However the ranking y <  terminates after 6 minutes producing an “out of memory
error’. 1

2.24 Symmetries of Partial Differential Equations

We very briefly sketch out how the Rosenfeld-Groebner algorithm is used to find all
Lie symmetries of a system of partial differential equations, using [36, Section 3]. See
[6, 41, 27, 36] for more details or [32] for an exemplary symmetry analysis of Burgers’
equation.

Let v = (w,...,u,) be a set of dependent variables, z = (z1,...x,,) be the set of

independent variables and F; (xi, u;, %) for k < N e N be functions defining the system
of PDEs. We search for infinitesimal 1-};arameter symmetries of the form:

Ty =1+ e&i(w,u),

U = u; +enj(x,u)

where ¢ is the infinitesimal parameter. The infinitesimal generator associated with this
transformation is

m 0 n 0
X = ZZ;SZ(:E,U)&EZ +;nj(x,u)a—uj.

Then the system of PDEs admits the scaling symmetry described by X if and only if

9 kg,
(XM ) (g;u] %) -0 when R (asuj %) =0
for each [, where X (™) is the Nth prolongation of X [36, Section 3].

This leads to an over-determined system of linear differential equations, called the
determining equations, in terms of the &;,n; and their partial derivatives [36, Section 3]. Now
the Rosenfeld-Groebner algorithm is used to simplify this system and put it in a triangular
form, so that the Lie group describing the symmetries can be found. For large problems,
this is computationally expensive.

2.3 Differential Algebraic Field Extensions

For the rest of this subsection, let (F, A) be a differential field of characteristic zero.

Definition 2.47. Let F c U be an extension of differential fields. Then a € i/ is called differ-
entially algebraic over F if there exists a non-zero p € F{y} such that p(a) = 0. Equivalently,
a is differential algebraic if {a,a’,a”, ...} is algebraically independent over F.

'Experiments performed using Maple 2016.0 running on Ubuntu 16.04.2 LTS.
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Example 2.48. Consider F = R(t), U the field of all infinitely differentiable functions in ¢.

Then y = e! € U is differentially algebraic over F but algebraically independent. Further-
more, any polynomial f in ¢ is also differential algebraic over F, since 9} f = 0 for n the
degree of f [37, Example 3.2]. The gamma function I'(¢) = [~ z*"'e~dx is not differentially
algebraic over F [19].

Definition 2.49. A differential field extension F c U is differentially finitely generated if there
exists aq, as, ..., a, € U such that:

U=Fay,...a,):=Frac(F{ay,...,a,}).

The notion of being differentially closed is similar to the notion of being algebraically
closed. The construction is non-trivial and brings together model theory and differential
algebra [7].

Definition 2.50. 1. Let fi,..., f,,9 € F{y1,...,y,} be polynomials of positive degree.
The system

fi=-..=fn=0, g=#0
is consistent if there exists a differential field extension F c U/ and a € U" such that

fila)=...=fu(a)=0, g(a)#0

2. A differential field F is differentially closed if every consistent system of differential
polynomials and inequations has a solution in F".

Definition 2.51. A set A is independent over F if there exist a4, ..., a,, € F such that the
m x m matrix

(9ia;)
is non-singular.
Theorem 2.52 ([37, Theorem 3.2]). (Primitive Element Theorem for Differential Algebra) Let

F c U be a differentially finitely generated differential algebraic field extension. Suppose A is
independent over (F,A). Then there exists a € U such that

U=Fa)

Example 2.53. Consider F = R c R(t, ¢!, Int) = U where the derivation is given by 9 = <.
We show U is differentially generated by tefInt. Let L = R(te!Int) so clearly L c .
Now 4 (telnt) = etInt +te'Int + et € L so e!Int + e € L. Differentiating again we see

(e'lnt+et) = eflnt + & + ¢t e L. Subtracting the previous two quantities gives < e L.

=t e L. Finally,

LML

Differentiating and subtracting again gives et—t - f—; ¢ Land f—; € L. Hence

t%:eteLandlnteLsoUcL.

2.3.1 Differential Galois Theory

The study of differential algebraic fields extends naturally to a Galois theory of differential
equations. Though we will not go into detail here, we will briefly describe some of the
results of the area.

Differential Galois theory can be used to prove that some differential equations have
no solutions that can be written in terms of “elementary” functions, such as the I' function
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discussed previously, or u’ = e~ whose solution is the error function used in statistics [47].
This is done in an analogous way to algebraic Galois theory: a differential field extension
F c U is called a Liouville extension if U can be built up by adding a finite sequence of
generators o € U such that o/ or £ is in the previous differential field. The differential
Galois group of a Liouville extension is always solvable and certain converses also hold
[11, Section 6].

Furthermore, it is also possible to derive closed form solutions in the same way the
quadratic, cubic and quartic formulae exist for polynomials. In 1986 Jerald Kovacic [30]
published a celebrated algorithm for finding the ’differential quadratic equation’. In
particular, the algorithm found closed form solutions of

y" +a(t)y +b(t) =0

for a(t),b(t) rational functions of the complex independent variables ¢. For modern
summaries, see [19, 37, 11, 7].

2.4 Differential Algebraic Geometry

While Ritt had already studied the "differential manifold" of a system of differential
equations [39, Chapter 2] and used it to study its "components", it was his student Kolchin
who introduced the differential version of the Zariski topology: the Kolchin topology
[29, Chapter 4]. We give the details here, largely following Cassidy’s more modern
introduction [7].

For the rest of this subsection, let 7 be a differential field of characteristic 0, equipped
with aset A ={0,...,0,,} of differentials. Let U be the differential closure of F (or, more
generally, any differential field extension). Finally, let R = U{y1,...,yn}.

Definition 2.54. For V' c /", define the set of all differential polynomials vanishing on V'
to be the ideal
I(V):={feR|f(v)=0YveV}aR.

For I c R define the vanishing set of I to be
V(I)={xeU"| f(x)=0Vfel}.

A subset V' c U" is called Kolchin closed (K closed) if there exists [ ¢ R such that
VvV =v(I).

Lemma 2.55. We list some immediate properties of V and Z.
1. V and T are order reversing: [ c Jc R =V(J)cV([)andU cV cU" =I(V)cZ(U).
2. For a subset S c R, the vanishing sets of S and the differential variety generated by S are

identical:
V(5) =V([S]) =V({5})
Without loss of generality we work with ideals of R rather than arbitrary subsets.

3. Let 1, J,{1;}, beideals of R. Then:
v{op =u"  v({1})=2; VI +J)=V{I)nV(J);
V(InJ)=V(IJ)=V(I)uV(J); V(ZIj) - N VU).

jeK jeK
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4. The Kolchin closed sets V' c U™ are the closed sets for a topology on U".

Proof. Follows similarly to the corresponding properties of the Zariski topology, see [10,
Chapters 1, 4]. O

Definition 2.56. The topology on U/ whose closed sets are the Kolchin closed sets is called
the Kolchin topology. By differential affine space, we mean U" equipped with the Kolchin
topology. We denote this topological space Aj.

While there is little difference in the definitions of the Kolchin and Zariski topologies,
they behave very differently.

Example 2.57 ([7, Section 1.1]). We know from Part B commutative algebra that every
Zariski closed subset in A' is finite. However Q c V ([y']) is infinite.

Theorem 2.58 ([7, Theorem 1.7]). (Ritt Nullstellensatz) If U is differentially closed, there exists
an inclusion reversing bijection between the Kolchin-closed subsets of A™ and the set of radical
differential ideals of U{yi, ..., y,}, given by V and T.

Definition 2.59 ([19, Definition 6.1]). Let V' be a Kolchin closed subset of A™. The differential
coordinate ring of V' is the differential ring:

UV =U{y,...,un} [T (V).

3 Torus Actions

As discussed in the introduction and section 2.2.4, arbitrary symmetries are computa-
tionally expensive to find and exploit. This is why we restrict our attention to non-
dimensionalisation and scaling symmetries in general. In this section we discuss affine
groups, representations and the algebraic theory needed later.

For the rest of this section, let k be a field of characteristic 0, n € N, A" be the n-
dimensional affine space k" endowed with the Zariski topology.

3.1 Affine Algebraic Groups

Definition 3.1. An affine algebraic group is an affine algebraic variety G along with an
identity element e € G, a composition map o : G xG - G and an inverse map i : § - G
satisfying the group axioms. We will write zy := x oy and 7! := i(z) for x,y € G. An affine
group action on a set Z is simply a G-action on Z.

Example 3.2 ([40, Section 8]). 1. Every finite group can be realised as a set of distinct
points.

2. (k,+) is an affine group.

3. SL(n,k), the n x n matrices of determinant 1, is an affine group. This is because the
determinant can be written as a polynomial D = det(a;;) € k[a;;] in the n? coefficients
of a matrix. Then SL(n,k) = V(D -1) c A",

4. (k*,-) is an affine group. We can construct an isomorphism k* - V(zy - 1) c A?
given by x — (x,z71).

5. GL(n,k) = V(yD - 1) c An**1,
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Definition 3.3. The r-dimensional algebraic torus is the affine algebraic group:
T := (k*)r = V(x1x2x3 Ty 1) c AT+1.

The identity elementis (1,...,1) € T and multiplication is given by x.
The isomorphism is given by (z1,...,z,) ~ (xl, R ﬁ)

Definition 3.4. Given an affine variety X, we can define the coordinate ring of X to be:

k[z1,- -, 2n]

k[X]:= 7(X)

where Z(X) is the usual ideal of polynomials vanishing on X.
If X is an irreducible variety (< Z(X) is prime [40, Section 2.6]) then we denote the
fraction field of the coordinate ring by:

k(X)) := Frack[X].

3.2 Matrix Notation for Scaling Actions

Now we consider the different actions of the algebraic torus T = (k*)r acting on A", where
r,n € Z. We represent the actions by full row rank matrices A € M,.,,(N). In order to do so
we introduce some notation from [26, Section 3].

Definition 3.5. For z = [:Ul . xn], Y= [y1 . yn] we define:
r*Yy= [Iﬂ/l TaYa ... xnyn]
to be component-wise multiplication.

Definition 3.6. Leta =[a; ...a,]" € Z" be a column vector.
For \ = ()\1 . )\T) € T we define:

AT = ATTAZ A e kT
For A\ = (/\1 o )\r), a row vector of r indeterminates, we define:
A= AP A e k[ AL AT A A

Note. k[A;, AT, .., A A € k(A ..., \,) is a proper subring of the field of rational func-
tions.

Example 3.7. 1. Fora = [_32], A= [6 3] then \* = 6332 = 24.

2. Fora=|-5|, A= [:c Yy z] then A\ = 22y =5z% and A= = x~2y5274.

3. Fora=|-1|,\= [xy 2yt u+ v] then \* = (zy)?(22y=1) " (u+v)' = y3(u +v).

We then extend this definition to matrices.
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Definition 3.8. Let A = (a;;) € M,»,(N), A = [)\1 e )\r] where the \; could be indetermi-
nates or elements of k*. We define:
A=A L A
=[N AT (ATEAST L) (AT LA

Lemma 3.9 ([26, Proposition 3.1]). Let A, B € M,,,(N), C € M,,,(N) and X, ;1 be row vectors
with r components. Let A = [A1 AQ] be a partition of A into columns. Then:

Mo M) MO (O )t =M and NGB Z 34 B,

Definition 3.10. Let A € M, ,,(Z). The torus group associated with Ais T, := (k*)r. Then
the T 4-action on A" by A is the linear group action - : T4 xA" - A™ defined by:

(AN 2) P Azi= Mz

This is a well defined group action by the previous lemma. We will often drop the
subscript and write T when there is no ambiguity.

Definition 3.11. Since k" = V(0), we can define a T 4-action by A on the coordinate ring
k[A"] =k[21,22,...,2,]- Theaction - : T4 xk[z1,...,2,] = k[21,..., 2,] is defined by:

M)z, z) = fFOT (21,00, 20)).

Example 3.12. It is important to remember the distinction between the action on points in
the topological space X and the action on the coordinate projection functions z; € k[ X .
Take A = [2] acting on A with coordinate ring k[z]. Let A € T. Then

Aoz=A"22
as for all points z € A:

(N-2)(2) =2V 2) = 2(A22) = X2 = A 22(2).

3.3 Hermite Normal Form

We now introduce the Hermite normal form of a matrix. Over the integers this plays
the role of the reduced row echelon form, obtained by Gaussian elimination, over a field.
Hermite normal forms are very useful because information about the kernel of a map
A € M, (Z) can be read off easily, such as its dimension and a basis.

The Hermite normal form is also useful because it is efficient to calculate: a key
advantage of considering scaling symmetries. We will see in section 4 that all of the
information we need to reduce a dynamical system can be read from two Hermite normal
form decompositions.

In this section we will deal only with column Hermite normal forms, which are
obtained by acting on the columns. However the row Hermite normal form can be formed
completely analogously by transposing each definition and proof.

Definition 3.13 ([20, Section 6]). A matrix A = (a;;) € Myx, (Z) is said to be in column
Hermite normal form if:

1. the first r columns of A are nonzero;
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2. for 1 < j <r,if a;,; is the first non-zero entry of column j, then i, <iy <... <i,;
3. 0<ayjforl<j<r;
4. 0<ajp<ag;forl<k<j<r.

The pivot of each column is the first non-zero entry a;;;.

Remark ([43, Section 4.1]). An equivalent definition would be: A has block form [H ()]
where H is lower triangular and each pivot row is non-negative with a maximal element
at the end of the row .

If A has full row rank, then A is in column Hermite normal form if and only if H is a
non-negative lower diagonal matrix where the maximum value of each row is found on
the main diagonal.

Definition 3.14. The elementary unimodular column operations are given by: exchanging two
columns; multiplying a column by -1; and adding an integral multiple of one column to
another. We also refer to these as column operations.

Lemma 3.15. 1. A can be brought into Hermite normal form by a finite sequence of column
operations on A [43, Theorem 4.1].

2. If A has full row rank then the Hermite normal form is unique [43, Corollary 4.2a].

Corollary 3.16. There exists a unimodular matrix U, called a Hermite multiplier of A, such
that H = AU is in Hermite normal form. This is because the elementary column operations are
equivalent to multiplication on the right by a unimodular matrix.

Note. Even if the Hermite normal form of A is unique, the Hermite multiplier might not
be. This is discussed further after definition 3.17.

The column Hermite normal form can be computed in polynomial time [20]. We
use the Diophantine Python package [5], which is an implementation of the method
found in [20]. The reason it is easy to compute the Hermite normal form is that it is
essentially calculating the highest common factors of integers, which can be done via
Euclid’s algorithm. However, this naive implementation results in coefficient explosion -
the entries of the matrices become prohibitively large - and is not practical [9, p.69]. Hence
the need for the LLL algorithm described in [20].

We introduce some non-standard terminology that will be used extensively in sections 4
and 5, taken from [26, Section 2.1].

Definition 3.17. Let A € M,,,(Z) have full row rank, with r < n, and V' be a Hermite
multiplier of A. Then AV = [H O] where H € M,.,(Z) is a non-negative non-singular
lower-triangular matrix. Then we can partition 1 and W = V! as follows:

1. V=[Vi Vu]withV;eM,,., (Z)and V, € Myu(n-r) (Z);

2. W= [g“] with Wy, € M,.,, (Z) and Wy € M,_ryr, (Z).
0

Since the Hermite multiplier is non-unique, different algorithms will give different
Hermite multipliers. That is, we may perform any column operations using the columns
of V, and find another Hermite multiplier for A. In order to fix the Hermite multiplier
in general, we introduce the normal Hermite multiplier [26, Proposition 2.3], which
essentially puts V,, in Hermite normal form.

For the rest of this section, let A € M,.,,(Z) be a full row rank matrix.
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Definition 3.18 ([26, Section 2.2]). Let V' € M,,.,,(Z) be a Hermite multiplier of A such that
AV = [H 0] with H € M,,,(Z). V is said to be the normal Hermite multiplier of A if:

1. V= [Vi Vn] with V, € M, (n-r)(Z) in column Hermite normal form.
2. Ifi; <...<i@-) are the pivot rows of V, then
0< (Vi)ijk < (Vn)z‘jj
for 1 <k <r. In particular, V; is reduced with respect to the pivot rows of V.

Theorem 3.19 ([26, Proposition 2.3]). 1. A Hermite multiplier V of A is unique up to mul-
tiplication on the right by matrices of the form

I, 0O
B U
where U € M (y,_ryx(n-ry(Z) is unimodular and B € M ,,_yyx,(Z).

2. The normal Hermite multiplier of A exists and is unique.

Lemma 3.20 ([9, Proposition 2.4.9]). If V' is a Hermite multiplier of A, then the last n —r
columns of V' form a basis for the kernel of A.

Lemma 3.21 ([26, Section 2.2]). For a matrix A € M,.,(Z), the Hermite normal form and normal
Hermite multiplier can be extracted from the column Hermite normal form decomposition of one
(n + 1) x n matrix.

Proof. LetV = [Vi Vn] be a Hermite multiplier of 4, so [H O] = AV for H € M,,.(Z) full

rank. Then
A AV AV,| [H 0
8 [N O A N e av

It follows that equation (11) is in Hermite normal form if and only if V' is the normal
Hermite multiplier.
Hence H and V' can be found by a single Hermite normal form decomposition of

3 :

3.4 Rational Invariant Theory

In this section we show how, given a scaling matrix, we can calculate a generating set of
rational invariants and re-write any invariant function in terms of them. In doing so, we
draw on results from rational invariant theory [12, 25].

Definition 3.22 ([25, Definition 2.1]). Let G be an affine algebraic group acting on an affine
variety X. Then f € k[ X] is said to be invariant if A- f = f forall A e G.
The set of G-invariants is:

k[X]C = {fek[X]|\-f=f YAeG}.

This set is a subalgebra of k[ X | and is called the invariant ring of G.
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If in addition X is irreducible, a rational invariant is an element f € k(X) such that
M- f = fforall A € G. The set of rational invariants is:
Ap

K(X) = {gek(X)\p,qek[X] and 32 -

23

V)\EG}.

This set is a subfield of k(.X).
We now return our attention to the action of the torus T 4.

Definition 3.23. For f = Y, z.a.,2* € k[z] we define the support of f to be
Y;={ueZ"|a, #0}. Note that |Y}| < co by definition of the polynomial ring.

Lemma 3.24 ([26, Lemma 4.1]). Let f = g € k(2)T4 with p, q € k[ 2] coprime. Then there exists
u € Z™ such that:

Uu+v

p= Z (y2 and q= Z byz
veker ANZ™ veker ANZ™

u+v

Proof. As f ek(z)"4 it follows that

pA-2) _p(2)
«h2)  q(z)

for A € T4. Hence p(\ - 2)q(2) = p(2)g(A- z) in k(\)[z]. As p, q are coprime, we must have

that p(z) divides p(X - z). Since these polynomials have the same degree in the z;, we have

that p(A-2) = x(\)p(z) for some x () € k(\). It also follows that x(A)q(2) = g(A- 2).
Now, for our specific group action:

p(A-2) =p(At*2) = Y auAtvzv.

wWeL™

(AT )(2) = f(A-2) =

= f(2)

Soif p(A-z) = x(A)p(z) then we must have that Au = Av for any u, v in the support of p.

Fix u in the support of p, define x(\) = A“. Then for w in the support of p, we have
that A(w - u) =0so v = (w - u) € ker A for each w in the support of p as required.

Then

g(A-2) = D b A2 = A D b2t
weL™ veEL™

so Au = Av for v in the support of g. Then, as before, there exists v = w — u € ker A such that
w = u + v for all w in the support of ¢. O

Z1

Example 3.25. Let A=[1 1],s0v= (_11) generates ker AnZ? over Z. Then f = 22 isa

Z1+22 _ zZ%+z%7Y

21 LU

rational invariant. Picking v = ((1)) we see that f =

Lemma 3.26 ([26, Theorem 4.2]). Let V = [V; V.| be a Hermite multiplier of A € M, (Z)

- 1/-1_= u
and W =V-1= lWa]
1. The n—r componentsof g=[z1 2 ... zn]v" give a generating set of k(z)T4, the set of

rational invariants.
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2. Any rational invariant f € k(z)T4 can be written in terms of the components of g by
substituting:

z:[z1 2o ... zn]HgW°

In particular f(z) = f ((zV")W°).

Proof. First we show the components of g are rational invariants, then we show any
invariant can be written in terms of them.

The columns of V,, span ker A by lemma 3.20, s0 (A * z)Ve = A Vo % 2Ve = 2Va Hence
the components of ¢ are rational invariants.

Since I, = ViW,+ V, W,, for v € Z" we have zViWVu*VaWo = » where 2 = [z1 29 ... zn]
is a vector of the indeterminates. Take v € ker A. By lemma 3.20 the columns of V, form a
Wu Vi Wu Vn
Wa Vi Wa Vi
that W, v = W, V,u = 0. Hence it is also true that zv = 2Ve Wev = gWev a5 ker A c ker W,,.

Now take f = %’ € k(z)T4 with p, g € k[z] coprime. By lemma 3.24 there exists u € Z"
such that

basis for ker A. Hence v = V,u for some uw e Z»". As [, =WV = [ ] we have

Uu+v

p= Z (y2 and q= Z b,z
veker ANZ™ veker ANZ™

u+v

Working in k(z) we see that

p(z)=z" > a,(z¥"")" and q(z)=2" Y by (zV"WVe)

veker AnZn" veker AnZn™

which implies
_p(z)  p(z¥VWo)  p(g™"?)

f(z) =20 = - = f(g™).
R R EAD R G
O
Example 3.27. Consider f € k(zp,...,2,) and A = [1 1 ... l]. Then A has Hermite
multiplier
Ol1 O 0
00 1 0
V= [ Vi ‘ Vi ] B : 0
1/1-1 -1 -1
so the rational functions
V“ zZo 21 Zn-1
[207...,Zn] :[Z’Z’ ,7]

generate the set k(z)74.

We have found is a generating set for the function field k (U, ) of U, c P", the subset of
projective space where z, # 0 [40, Section 9.3]. This is because f is a well defined rational
function on U,, if and only if f(Azp,...,A2,) = f(20,...,2,) for A € k¥, hence our choice
of A. We also have re-write rules for any function that is well defined on U, in terms of
these invariants.

3.5 Determining Maximal Scaling Actions

In this subsection, we consider the following problem: given a set of rational functions
{fi,fo,- s fm} c k(z1, 22,...,2,), find a maximal r € N and corresponding A € M,,,(Z)
such that {f;},", are invariant under the T4 action by A. We follow the methodology of
[26, Section 5].
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Example 3.28. Let k = R. Consider the rational function f = ] . Again, suppose k" acts

on k[z, 29, 23] by A = [ a9 ag] such that f is invariant.
Then we must have:

(M) (2122, 23) = F(A (21, 22, 23))
= f(AT 21, %229, A% 23)
A0z + N 20222

@3 23

Letting 1 = + and rearranging gives:
as asz .2 a1 2a2 2 _
Wz 23+ p 25z — 212y — 2523 =0

By viewing this equation as a polynomial in y it is clear that f is invariant if and only
if a1 = a3 and a3 = 2a,. These equations describe a one dimensional space spanned by
[2 1 2], which is the maximal scaling matrix for this equation.

Definition 3.29. Let u = (u1,us,...,uy,),v = (v1,v9,...,v,) € Z", with u # v. Define a total
order < on Z™:

u < v <>|uq| < |vy], or

[ur| = |va], [ug| < |va], or

lug| = |vs] Vi=1,....,n=1and |u,| < |v,],

where the < above is the usual ordering on Z. In other words, we compare the magnitude
of entries, starting from the left.

Definition 3.30. Let f = L e k(z) with p = ¥,ayn @uz", ¢ = Lyawn buz" € k[2] coprime. Note
2< N =Y, uY,| < co. Pick w € Y, minimal with respect to <. Define the exponent matrix of f
to be Ky € M(n_1)xn(Z), the matrix with columns made up of v - w for v € (Y, uY,) \ {w}.

Note. If f € k[z] then we take ¢ = 1 and w = (0,...,0)7.

Example 3.31. 1. f=22 w=(0,0)T, K;= [1]

1
1 0
2. f=225 then =2z = (21,2, 23)" wherew = (0,1,1)T.So Ky =| 0 -1]|.
-1 0
1 0 1 0 1
0 0 1 0 0
212212324 . _ T _
3. f==233 Y=o o | [0 We pickw=(0,0,0,1)". Ky =1 [
0 1 -1 0 -1

Lemma 3.32 ([26, Section 5]). Let A € M,..,(Z), f € k(z). Then f is a rational invariant with
respect to T 4 if and only if:
AK;=0.
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Proof. Let f =1 ¢ k(z) with p = ¥ anm @u2%, ¢ = X penn bu2? € k[ 2] coprime.

= By lemma 3.24, we have immediately have that u — v € ker A for u,v e Y, UuY}.

< Then pick w in the support of ¢ minimal with respect to < defined in definition 3.29.
Note AK; =0 if and only if A(u-w) =0 for all u € Y, uY,. Hence

ALHE) = f(Wx2)
_ 3 uenn Ay A2

> venn Dy AAV 2V
au)\AuZu
_ ZueNn NAw
- by AAV zv
ZveN” NAw
ZueN" au)\A(u—w)Zu
ZUGN" bUAA(U_w)ZU
_ Duenn Gy 2"

Z’UEN" bUZU
= f(2).

]

Now that we have found necessary and sufficient conditions for a rational function f
to be invariant with respect to T 4, we use the following lemma to find a maximal A.

Lemma 3.33 ([26, Proposition 5.1]). Let K € My (Z) and U € M, (Z) unimodular such that

G

is in row Hermite normal form, with K € M,_ryxm(Z) of full row rank, so that there are exactly
r zero rows. Let A be the last r rows of U. Then

1. AK=0;
2. the column Hermite normal form of Ais [I, 0];

3. an integer matrix B satisfies BK = 0 if and only if there exists an integer matrix M such
that B = M A.

Proof. 1. UK = [Z]K = [[g‘)].

*

A

that A is equivalent to [0 1] by elementary column operations. Permuting the
columns shows that the column Hermite normal form of A is [I - 0].

2. Note I, =UU! = U-1. As U! is unimodular, acting on the right of A, we have

3. = A Z-Dbasis for the left kernel of K (which is defined as {z € Z" | K = 0}) is given
by A, by taking the row version of lemma 3.20. Hence if BK = 0, each row of Bis a
Z-linear combination of the rows of A. That is, there exists an integer matrix M such
that B = M A.

< BK=MAK=0.
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Corollary 3.34. Let A be as in lemma 3.33.
1. A has full row rank.

2. ris maximal and A is a maximal scaling matrix. This is because any other matrix B = M A
such that BK = 0 will have row rank less than or equal to r.

Example 3.35. We revisit example 3.28 and consider the rational function: f = %
1 0

Then Ky =| 0 2 |. The row Hermite normal form decomposition is given by:
-1 -1

1 0 O 1 0 1
-1 0 1110 2 (=10
-2 -1 -21|-1 -1 0

o = O

Hence A = [-2 -1 -2] describes a maximal scaling action on k’ under which f is
invariant. This is equivalent to our previous answer, showing it is maximal.

Corollary 3.36 ([26, Section 5]). Let F' = (f1, f2,..., fm) € (k(2))™ be a vector of rational
functions. Define K = [Ky, Ky, ... Ky, ] Then

1. For any integer matrix B,

BK =0« f;ek(2)™ Vi=1,...,m.

2. Suppose U is a unimodular matrix such that UK = 0

with exactly r zero rows. Let A be the last r rows of U. Then A is a maximal scaling matrix
for which F is invariant.

Kol . . .
0| is in row Hermite normal form

Example 3.37. 1. Define

e (Fl,FQ) _ (21224—2324’ 21244-23)‘

Z1%3 Zo + 25

Then

-1 00 1 O
O 170 0 1
K= Kp|Kp |=[ 0 -1|1 0 0
1 070 1 0
O o0 (-1 -1 -1

The row Hermite normal form decomposition is given by:

o 1 1 1 17[-1 0 O 1 O 10000

o 1 0 0 Ooffo 1 0 0 1 01001
UK=10 1 1 0 O0fj]0 -1 1 0 Of=]10 0 1 0 1{=H

0O -1 -1 0 -1ff1r O O 1 O 00010

-1 -2 -2 -1 -2J]{0 O -1 -1 -1 00 0O0O
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Hence our maximal scaling action is given by A = [1 2 21 2]. Indeed for
AeT A= k*:

\-1 (2122 + 23z4) _ (Az1)(N222) + (AN223)(N24)
Z1%3 ()\Zl)()\223)
_ N(ziz + 232)

/\32123
Z1%9 + 2324

2173

4 Scaling Symmetries of Dynamical Systems

In this section, we show how to find scaling symmetries of a dynamical system and
produce an equivalent reduced system, as in [26].
We consider systems of ordinary differential equations of the form

dz
—=G(t 12
— - G(t.2), (12)
where z = (21(t),...,2,(t)) is a vector of functions of ¢t and G = (Gi(t,z2),...G,(t,2)) €
k (t,z)" is a rational map k xk" — k". Since we are working with rational functions, we
can write

dz z% F(t,2)

Z -Gt 2) =
o = G(62) ;

We will mostly work with equation (13) as it turns out that the solutions are invariant with
respect to a T 4-action if and only if F is a rational invariant of T 4.

For the rest of this section, k=Q and T = (k*)r. Define

(13)

dz  (dz dz dzy, (1 1
= ( 2 ) = (o ).
For A € T and vectors x = (z1,...,x,) for which A - z; is defined, define:

A(xg, o xn) = (N, A xy,) .

4.1 The Analytic Interpretation

As noted in [26, 12, Section 5.8], it is possible to find invariants and equivalent dynamical
systems without knowing any differential algebra. Let A=[ay a1 ... ay]€ Mixni1)(Z)
and T4 act on k(t, 2).

Definition 4.1. 1. We say (f, Zyens Zn) is a solution to equation (13) if

dz - . ZxF(1,2)
=G = ————. (14)

2. We say that T4 defines a scaling symmetry for equation (13) if for all solutions (¢, z)
of equation (13) and A € T4, At (¢, z) is also a solution.
Theorem 4.2 ([26, Section 6.1]). T4 defines a scaling symmetry for equation (13) if and only if
F; e k(t, z)"4 is a rational invariant for each i =1,... n.
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Proof. If (t, z) is a solution to equation (13) then A~!- (¢, 2) is a solution if:

d()\“izi)
=G (At Az, .., N2,
dQvanry ~ i . )
A% Zi
= T T E Ot Az X,
foreachi=1,...,n. Furthermore:
d(X*2;) 4 dz dt _)\ai% L A%dy A% Fi(l2)
d(xeot) 7 dt d(heot) T dt A0 a0 gt N

Hence A\!-(t,2) is a solution to equation (12) if and only if Fi(¢,2) = F; (A\1-(¢,2)) €
k (t,z)™ is a rational invariant. O

4.2 The Differential Algebraic Geometry Interpretation

We consider how we might describe scaling symmetries using differential algebra. While
we reach the same conclusion as the analytic methods of [26, Section 6.1] and section 4.1
we do so by a novel approach which is more general and satisfactory.

For the rest of this subsection, let 7 be an ordinary differential field of characteristic
0, F c U be a differential field extension witht e, ¢’ =1 and R = F{y; ..., y,}. Consider
¥ c R a finite set of differential polynomials and / = [¥]. Definition 4.1 then inspires the
following definition.

Definition 4.3. The torus T, defines a scaling symmetry for ¥ if the T4-action on A"
descends to a well defined T 4-action on the differential affine variety V(7).
4.2.1 Scaling Symmetries of Dependent Variables

To begin with, we restrict ourselves to torus actions that only act on the dependent
variables. Consider the system of differential equations

dz
i G(2) (15)

given by rational G; = g €eU(z) for P;,Q; € U[z,...,z,] as in equation (12). This corre-
sponds to a differential ideal

I=[QiWy = Pi(y), -, Qu(y)yn — Bu(y) ] <ULy, - yn} (16)
where y = (y1, . ..,y,) are differential indeterminates. Furthermore, let
V=V(I)n{zeAl|Qi(z) 0Vl <i<n}cAl

be the solutions of the system in &/" and suppose V' # @. Note that V' is isomorphic to an
affine differential variety by the same trick used repeatedly in example 3.2.

Lemma 4.4. Let T = k* act non-trivially on A}, by A=[ay ... a,] Inparticular, for X e T »
and p € V(I) we have: - (p1,...,pn) = (A%p1, ..., A%p,).
Then T 4 acts on V' if and only if

Qi(A-2)#0 V1<i<n and G(\-2) =G\ x2) = M+ G(2).
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Proof. The T 4-action descends to an action on V' if and only if A-(2,...,2,) € V for all
Aek*andallzeV.
= IfT4actsonV,thenforeachi=1,..., n:

1. Qi(A-z)#0asA-z¢€V,
2. Qi(A-2)(Naiz) = Py(\-2) = A Q;(\- 2)zl—Pi(A-z) =0.

Then
Pi(\-2)

Pi(2)
Qi (2)

Gi(A-z)= = A%zl = \% = \"G; (2) (17)
as required.
<= AsQi(\-z)#0foreachi, wehave A-ze {ze€ A | Q;(2) #0V1 <i<n}.

Also equation (17) holds, so

Qi(N2) (\2)" = Pi(A-2) = X4 Qy(\ - 2) 2 = A% Qy(\- Z)% =AMQi(A-2) (2 - Gi(2)) = 0
i (2

which implies A -z € V(I). O

Corollary 4.5. As V is infinite (it is non-empty, the action of T 4 is faithful and T 4 is an infinite

group), we know from commutative algebra that T 4 = K™ acts on Ajy if and only if \- G = A4+ G

forall X eT 4.

Corollary 4.6. T 4 acts on V if and only if for eachi=1,... n:

A-F = A.(tGi) _AMG G

= Fz eU i TA.
A%z, Z; (y)

Zj
That is - F = F is invariant.

Example 4.7. Consider the system

Lz (4 (1-2) (10 2)), (18)

dt 29 Z2

We know by corollary 4.6 and the methods of section 3.5 that T = k™ acts on 2y, 2, by
A= [1 1] Let F=Candlet!f = F(t) We have P = 21(2’2—21), b= ZQ(ZQ+ZI)7Q1 = QQ = Z9,
so the system corresponds to differential ideal:

I=[yay1 = y1(y2 = y1), Y295 — Y2 (Y2 + y1), y2ys — 1] cU{y1, y2, Y3}

where we are considering the system embedded in A® so that we can ensure the z
coordinate does not vanish, making concrete the identification of V' with an affine variety.
This is an alternative way of acting on the solutions, avoiding the region where @); = 0, to
the methods of lemma 4.4.

Then it is easy to check that (21, 29, 2;') € V(I) implies (Az1, Azo, A71251) € V(I) so the
action descends to an action on V. Furthermore
>\'P1 B )\_221(22—21) P,

- N it Ve d \-Gy=\'Gs.
A-Qr A1z @ b ’ ’

\-Gi=
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4.2.2 General Case

The differential algebra we have used so far does not allow us to act on ¢, since there is
no way to act on the derivation in the manner required to make sense of definition 4.1.
In order to generalise and consider actions on the independent variable, we employ a
trick from [26, Section 6.2]. We introduce a dummy variable z,(¢) which will behave like
a scaled version of our time variable: zy(t) = ut for some constant i € (.7-" A)*. The z, we

desire is characterised by the differential equation 4 (%) = tzi;'zo =0

dz; _ dz; dt 2]

Since 3t = G- = ey instead of considering the ideal in equation (16) we consider the

differential ideal:

J =[Q1(yo, )y1 = Pr(w)yhs -+ Qu (Yo ¥ = Pu(yo, ¥)Yos ty6 — vol < U{yo, v1, - Y} (19)

where we make the substitution ¢ — y, in each of the G;.
By repeating the calculations in the proof of lemma 4.4 for J we see that T4 acts on
V(J)ifand only if fori=1,...n:

Gi(r2) = 3 Ci(2) = BV 2) = F(2) (20)

This agrees with theorem 4.2 and provides a rigorous geometric interpretation of scaling
symmetries.

Example 4.8. Consider the ODE:
dz (=2 2 1
dt ( t ) @D
which has solutions z(t) = =5, where c is a constant. Let 7 = C ¢ C(¢) =Y with ¢’ = 1.
The ideal J corresponding to equation (21) is given by J = [F, ], where s(t) is our
dummy independent variable, F'(s, z) = s?2’ — 225" and G(s,2) = s't — s.
Then for ¢ € C we have:

t t2 t o\’ t
Flt, = - =0 and G|t,——|=0.
c+1) (ct+1)2 \et+1 ct+1

Furthermore, for A € C*:

t A\3¢2 NS
F = — =
()\t’Act+1) (ct+1)2 )\(ct+1) 0

G(At,AL)zAt—At:o

ct+1

s0 (M, Azk5) e V(E) VA e C.

ct+1

Recall that y(t) = L5 is a function of t and that s = A\t = t = £. It follows that given a

solution (5, Yy (5)) of equation (21) and A € C*:

is also a solution to equation (21).
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4.3 Construction of Reduced Systems
4.3.1 Torus Action on Dependent Variables

In the previous section we saw that finding the maximal torus action leaving the solutions
to equation (13) invariant is equivalent to finding the maximal torus actions leaving { F}}.

invariant, where ; (t.2)
z z* F(t, 2
i G(t,z) = ; :

Now we use symmetries of the system to find a simpler system, involving fewer
variables, such that there is a correspondence of solutions between the original and
reduced systems. In particular, if a torus group T 4 acts on the solutions of equation (13)
there will be rational invariants of this map, which will have dynamics of their own.

Rational invariant theory tells us we can re-write the { F;}", in terms of these invariants.

Lemma 4.9 ([26, Lemma 6.1]). Suppose z(t) = [zl(t) 2o(t) ... zn(t)] is a vector of functions
intand A € M,.(Z). Then:
% (ZA) =24 ((2_1 * %) .A)
Proof. Suppose thata =[a; ... an]T is a column of A. Then by the product and chain
rule:
d(z%) d(z1"25% ... 25")
dt dt
L S 1
S dt T T, dt
(o2
dat) )
Applying to each column of A gives the result. O

Theorem 4.10 ([26, Theorem 6.3]). Consider a map F : A x A" — A" that is invariant under the
group action of T4 on A" given by A € M,,(Z) (so T 4 acts trivially on t). Let V = [V; V] be

the Hermite multiplier of A with inverse W = l\xul
0

1. If 2(t) is a solution of % = %(“) where none of the components vanish, then

[x(t) y(t)]: [zVi zV"]

is a solution to the dynamical system:

%:%*(F(t,y"v“).\/n), (22)
d
d-f:%*(F(t,yWD).Vi). (23)

2. Ify(t), x(t) are solutions to equations (22) and (23), respectively, and none of their compo-
nents vanish then
2(t) = [2(t) y(®)

is a solution to the dynamical system:

dz _zxF(t,2)
dt t

]W
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Proof. 1. Since F is T 4-invariant, lemma 3.26 implies that
F(t,z) = F(t, (zv“)wa) =F (t,yWD)
when considering F' € k(t)(z). Lemma 4.9 implies that

dy _d v,
dt dt(z )

dz
_ Va -1, @z
=z *((z *dt)'vn)

(F )

t
* (F(t,yWD). Vn) .

+ e

Similarly 2 = Z « (F(t,yV?). V)).

T
2. From equations (22) and (23) we know that:
d 1
g e v =7le vl (F(y™)v).

5 Furthermore, WV, = so zV» = y. Finally, by lemma 3.26, F'(t,yV°) = F (¢, ).

0
'[TL—T'
Bringing these facts together with lemma 4.9 gives:

Z (e 41"

Lo )" ((le o) 5 e uD)w)
=z*(%(F(u@%)v)wj
=§*ﬁ%uzy

[l

Equation (22) describes the reduced system under T; it expresses the dynamics of the
n - r rational invariants under the group action.

Note that given solutions to equation (22), it is possible to solve equations 23 by
integration:

% Z—j = (F(t,yWD)Vi) :x:exp(fF(t,yW°)Vidt).

Example 4.11. Consider the system:

d<z;,t@> i ( (1 ) Z_) (1 . Z_)) _ (zl;sz) . (t(l . Z) ,t(l . Z_)) (24)

Note that we consider ¢ (1 - j—;) as a rational polynomial in z;, z; over the field k(¢).

Then we claim that the maximal T-action on 2, 2, is given by A = [1 1].
The corresponding Hermite multiplier and inverse are

S EES IS ey
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which gives invariant and auxiliary variable:

21
Yy=—, T =z.
Z9

Then

Solving gives:

1
2t + ¢

y(t) = x(t) = c1exp (t— %log(2t+co))

for some constants ¢y, ¢;. This leads us to the final solutions:

21(t) = z(t) = c1 exp (t - %log(Zt + co)) :
x(t)

1
2o(t) = O) =c1(2t + ¢p) exp (t— 510g(2t+ co)).

4.3.2 General Case

In this subsection we show that the construction in section 4.3.1 can be extended to torus
actions acting non-trivially on the independent variable, using the method of [26, Section
6.2].

Suppose we also have a torus T ; acting k™*' by

/_1 = [AO A] = [AO A1 R AN] € er(n+1)(Z)

that is a symmetry of the system. We know from section 4.1 that this is equivalent to
Fi(t,z) ek(t,z)Ta foreachi=1,... n.

We introduce a new dependent variable z,(¢) which will act like a scaled version of
the independent variable ¢. Define

Z=(20,21,--+,%n), F:[l F] (25)
and consider the dynamical system

% _ ; < F(2) 26)

where F(2(t)) = F(20(t), 2(t)). Note the first equation of equation (26) is 2 = 2 which
has solution zy(t) = ct for some constant c.

Lemma 4.12 ([26, Section 6.2]). 1. If z(t) = (21(%), . .., z.(t)) is a solution of equation (13),
then z(t) = (t, z1(t),. .., z,(t)) is a solution of equation (26).

2. Suppose Z(t) = (29(t), z1(t),. .., Z.(t)) is a solution of equation (26) and zZ,(t) = ct for c
nonzero. Then z(t) = (z1(%), ..., 2.(L)) is a solution of equation (13).
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Proof.
2.

1. Immediate.

Let z;(t) = z; (ﬁ) Thenfori=1,...,n:

dz(t)  dz(h)
dt  dt

(e a9 (0)

W ().

Hence z(t) satisfies equation equation (13).

We obtain the general version of theorem 4.10 as a corollary.

Corollary 4.13 ([26, Theorem 6.5]). Consider a map F :k xk" — k" that is invariant under the
group action of T 5 given by A € My (ns1)(Z). Let V = [Vi V] be the Hermite multiplier of A

with inverse W = [W”] Define F = [1 F] as above.
Wa

1.

If 2(t) = (21(2), . .., za(t)) is a solution of % = Z*Ft(t’z) where none of the components vanish
and zZ(t) = (t,z1(t),. .., z,(t)) then

[2(t) y(B)] =[2% V] @)
is a solution to the dynamical system:

@ _Y (o Wo .

= (F(y™)-Vy) (28)

dr x =/ W, ’

E_t*(F(y ) Vi), (29)

where the reduced system is given by equation (28).

Suppose y(t), z(t) are solutions to equations (28) and (29) respectively and none of their
components vanish. Let

[20(t) z(t) ... z.(t)]=[z(t) y(t)

where Zy(t) = ct for some nonzero constant c. Then

2(t) = (zl(f—:)zn(f—:)) (31)

dz _z*F(z)
-t

" (30)

is a solution to
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4.4 Parameter Reduction by Scaling Symmetries

The previous section gives a very general framework for dealing with symmetries of
specific systems of differential equations. In practice, mathematical models have many
parameters which are constant, but unknown. In the majority of these cases there is a
simpler algorithm for reduction than the method of section 4.3.2, which will only reduce
the number of parameters.

Suppose we have a dynamical model of some state variables 21, ..., z, that depend on
the time ¢. Suppose their dynamics involve some constants ¢, .. ., ¢,. The parametrised
dynamical system can be written:

% =G(t,z,c) (32)
which can be trivially extended to the form of equation (12) by extending the system with
the equations % =0 [26, Section 7]. Then the matrix A € M,.,,,(Z), with n = 1+ ¢ + p, defines
a scaling symmetry if and only if the map F'(¢,z,¢) =t 27! x G(t, 2, ¢) is an invariant of the
action of T 4.

The rest of this subsection assumes that the normal Hermite multiplier of A has the

form
W
I L . w
V= 0 1 dgn 0 withinverse W=| I,,; 0 [. (33)
Vi| Vs Ve

W,
This assumption may seem opaque but it has a natural interpretation. The I,,; in the
top row of V' is exactly saying that our new non-constant invariants yy, ... ,y, are given
by yo = c“t, y; = c¥v; for i = 1,...,n, u; € ZP. The zeros on the top row ensure that our

auxiliary variables and remaining invariants are only functions of the parameters. In
particular, our original dependent and time variables each appear in exactly one invariant
and we reduce only the number of parameters.

LetV; = [V} VU] where V; is the first column of V;. We can find the invariants explicitly

y=[t = c]v" =[c"t Mxz V],

giving us independent, dependent and constant invariants:

t=(ci,co, ... 00)", (34)
3=(317327"-73(1):(017-"7011)‘/1/*27 (35)
C:(Cl,CQ,...,Cp,r):(Cl,...,Cp)VC. (36)

The auxiliary variables, which are constant under our assumptions, are given by:
r=c"i (37)

We also make the novel observation that if we only assume that the single invariant
involving ¢ is ¢t for some scaling vector a € Z?, then we can perform the ¢ substitution
outlines in this section, followed by the dependent variable reduction of section 4.3.1. This
will avoid the introduction of a new variable by the general reduction of section 4.3.2.

Theorem 4.14 ([26, Section 7]). Let W be as above and

Wy = [W, W, W] (38)
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where Wy € M(,_yyx1(Z), Wy € M(p_ryug(Z), We € Mpryp(Z).
Then the reduced system is given by making the substitution

t e Ve, z cVoon g, cr e (39)
into equation (13).
Proof. Recall that by corollary 4.13 the reduced system is given by:

fﬁzg*(pwwgvo.

dt
0
0
yWa — I:t 3 C] Wt Wc

= [t Mowg el

Then
1

S&e

Furthermore, every component after the first ¢ + 1 components of I are equal to 0, so

F(yYo).Va=(1 F (V) ... F,(y™) 0...0)

N——
p-r times

is equal to F' (yW?) with the last r zeros removed. The last p - r variables of y are our new
invariant constants ¢, which we require to have derivative 0 as above, so we can forget
these equations. Hence we have the reduced system given by:

di 0

d_?; = % (1 Fy (Wet,cWo sz, o) Lo Fy (et o w g, W)

where ¢ = (t 5).
The first equation is

at_t
dt
Dividing the other equations by 4 gives:
d
d—‘z = ‘:’—c # F (et o n g, cMVe). (40)
Recalling that
d(cvx3)  ds _
—_— = = —, as cis constant, and
d(ct) tav ‘!
S BRI
it Vot
suffices to show that the direct substitution gives the reduced system. O
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Example 4.15. Recall example 1.1:

ds
dt

= —kiegs + (k1s+k_1)c= ; (_kle()St +hysct + let)

S
=-F
S t !
de

i kiegs — (k1s + k-1 + ko)c = g (kleOSt —kisct + koyct + kzct)
c

C
-°F,
t2

We order our variables by: (¢, s, ¢, eg, k1, k2, k_1). Then by section 3.5:

1 1 1 11 1 111 1
0 0 -1 00 -1100 1
01 1 01 1 000 -1
Kg =[1 0 0, K=|10 0 000 1
1 1 0 11 0 1 00 1
00 O 00 0 010 O
[0 0 1] [0 0 1 00 1 0]
The row Hermite normal form decomposition is:
[0 0 1 0 0 0 -1] 1 0 0 0 0 -1 -1 O]
0O 0 0 O O0O0 1 01 000 1 0 O
0O 0 0 1 00 O 00100 O0 1 O
o 1 0 0 00O 1|-K=|10 001 0 1 1 0f,
O 0 0 0O 01 0 00001 0O 0 O
-1 0 0 0 11 1 0O 00OO0OO0OTO0O 0 O
0 -1 -1 -1 1 0 0 0 0000 0 0 O]

giving us the maximal scaling matrix, given by the bottom two rows of the multiplier:

-1 0 0 0 1 11

A=l 1 21 110 ol

The next step is to perform the column Hermite normal form decomposition of A. The
normal Hermite multiplier of A and its inverse is given by:

[0 0|1/ 0 O O O ] [ -1 0 0 0 1 1 17
O ojol1 O 0 O 0 -1 -1 -1 1 0 0
O 0j0lO0O 1 0 O 1 0 0 0 000
V=10 0|00 O 1 O and W= 0 1 0 0 0 0 0
0O 1101 1 1 0 0O 0 1 0 000
O 0|00 O 0 1 0O 0 o0 1 000
1 -1(1]-1 -1 -1 -1 | L 00 0 0 01 0]
We can read off the invariants from the last 5 columns of V:
t=Fk_ it (41)
ky
_ M 42
S (42)
ky
M 43
c o (43)
60]{31 ]{72)
E=(%.8)= — 44
(b182) = (T (42)



We can also read off the substitutions from the bottom 5 rows of W that give the
reduced system:

(ta S, C, €9, kly k?) k—l) = (ta57 ¢, Ela 1a EQa 1) (45)
Finally, the reduced system is given by:
ds

o =-t5+(s+1)c (46)
d
£:E15—(5+1+Eg)c (47)

For more examples, see [26, Section 7].

4.4.1 Parameter Modification

We outline a novel way to generalise this method for cases when the normal Hermite
multiplier has the form:

dy 0 ... 0

[o|D o o a ... 0
V—lvi v Vc]’ where D = o for d; € No. (43)

0 0 ... d,

Suppose d; > 1 for some 1 < i < ¢ (the same method applies to d, except replace z; with
t). Then we have an invariant 3; = ¢}* .. .czpzfi for some a; € Z. Since the c; are parameters,
almost always real, we suppose we can pick a d;th root.

&/ciifa; # 0 . i if a; # 0
Define ¢; = \/_C_l ¢ and substitute c¢; — f’. na (49)
C; 1fai:(), Cilfaizo,

into our original system. This system will clearly be equivalent to our original system.
Under this substitution our old invariant will become (&{* ... &, zi)di, so that the invariant
of our new system will be: &' ... ¢,"z;. The effect of this process is setting the entry d; to 1,
so that after repeated application the normal Hermite multiplier has the form given in
equation (33).

Example 4.16. Consider the equation

e _ e
dt — t’
where c is a constant, and the scaling matrix A = [0 1 -2] whose normal Hermite
010
multiplieris V =1 0 2.
001
We make the substitution ¢ — ¢ and consider the system
dz _&2°
dt ¢
which has a corresponding scaling matrix A = [O 1 —1] and normal Hermite multiplier
010
V=1 0 1]
0 01

38



By theorem 4.14, our original system is equivalent to the system:

dy 3°

dt t’
4.5 Scaling Symmetries and Non-Dimensionalisation

Recall that there are many different ways to non-dimensionalise a system of differential
equations. This is explained by the non-uniqueness of the Hermite multiplier, which in
turn is explained by the fact that there are many different choices generators for the field
of invariants.

While the methods already discussed remove some ambiguity - through choice of the
normal Hermite multiplier - we still have to choose the ordering of our variables at the
outset. Given an order, the normal Hermite multiplier will try and normalise them using
later variables. This is exactly why we choose an order:

(independent variable, dependent variables, parameters)

since the dynamics of f(c)z; are much simpler than the dynamics of f(z) for f an arbitrary
rational function. This can be seen in example 4.15, where we act on the variables by £,
and k_; - the last variables possible. Hence, if there are parameters in a system that are
natural to divide or multiply by, it is advisable to put them at the end.

Example 4.17. Continuing with example 4.15, the invariants s = kk—jlc, ¢ = k’%s are not
particularly natural. If we choose to re-order the parameters, placing ¢, at the end, the

method produces invariants
.S . c
s§=— and c¢=—.
€o €o

5 Scaling Symmetries of PDEs

In this section, we extend the methods of Hubert and Labahn [26] to PDEs in an entirely
novel way. While there is literature on the analytic reduction of PDEs and work by Hubert
on its connection to differential algebra [22, 23, 24], it describes the differential algebra
generated by invariant solutions and invariant derivations - which is different and beyond
the scope of this work.

We will restrict ourselves to the reduction of parameters as in section 4.4 but only use
the theoretical framework of differential algebra. Initially, this will restrict us further to the
case where we can only act on the dependent variables, since differential algebra has no
natural way of acting on a derivation 0, though it could be generalised using differential
ring isomorphisms (allowing a change in the derivations), or the trick from [26, Section
6.2] and 4.2.2, which we sketch at the end of this section.

We set up some notation of the rest of this section. We denote the independent variables
by z1,xs,...,%n,. The corresponding derivations are A = {0,,,0.,,...,0,,, } and we will
also denote them by 0, := 0,,. Let k = Q, F be a differential field with derivations A, k c F
and x; € F. Let R = F{y1,...,yn}. Suppose we are given a system of differential equations
described by:

Y={F,....,F;} cR. (50)

Let I = [X] be the differential ideal corresponding to our system and X = V(/) c A" be the
differential variety of solutions. Finally let T =k* acton A" by A=[a; ... a,].

Our aim will be to find torus actions on X and show how these actions can be used to
reduce the number of parameters.
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5.1 Semi-Invariants

Definition 5.1 ([12, Remark 2.1.8]). Let a group G act on the affine n-space A" over a field
k. Then f e k[xy,...x,] is a semi-invariant if there exists x : G - k" such thato - f = x(0) f
forallo e G.

Lemma 5.2. Let f = Y, v aw2® € k[ 2] be a semi-invariant of a T 4-action. Then there exists
u € 7" such that:

f — Z ay Zu+v

veker ANZ™

where only finitely many a,, are non-zero.

Proof. Pick w in the support of f, so a,, # 0. If f = a,,2* then we are done, else f and a,,z"*

are coprime. Then — J; - is a rational invariant so
fo_p :
—== for p= ) a2"*,q= ) = b,z"*coprime (51)
Awz q veker ANZ™ veker ANZ™

by lemma 3.24. Now f = %p ¢ k[2] so ¢ must divide a,,2*. Hence —“w;w ek[z] = —“w;w -
bz" for some w’ € N, b € k. Absorbing this factor into p gives the required result. O

5.2 Finding Torus Actions

We find torus actions leaving a finite subset of polynomials semi-invariant by modifying
the methods of [26, Section 5] and section 3.5.

Definition 5.3. A T = (k*)"-action on A" induces a map on the differential coordinate ring.
For )\ € T, we have

(X-0y:)(2) = Oy o N1(2) = Oy; ()Cl -z) = QAT A Tz) = AT LN 0(2) =0 (M- y) (2)
(52)

for 1 <i<nasd; A\, = 0. Note the group action commutes with derivations.
In this way, every monomial m = I'If’:1 0,y; for 6,y; € ©Y has a weight vector a,, such that

A Lem = \m.

Then F € R is a semi-invariant of the T 4-action if each of its monomials has the same
weight vector, so that the scaling action can be factored out. In particular, there exists
a € Z" such that A=t - F' = \¢F.

Lemma 5.4. If {Fi}f:1 are semi-invariant with respect to the T-action, then the action descends to
a well-defined action on X.

Proof. Let z = (21,...,2,) € X, A e T. Then
Fi(A-2) = (A F)(2) = x(A ) Fi(2) =0
for each i. Therefore A - z € X as required. O

The reverse implication does not hold, even in the algebraic case.
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Example 5.5. Consider the polynomials F = z+y -z, F; = z € k[, y, z]. There exists a torus
action givenby A=[1 1 0] on the solution set V({F}, F3)) = {(z,-2,0) € A® |z ek} c A,
However, the T-action does not factor:

(A F)(2,y,2) = (M) + (Ay) - 2 2 x(A\) Fa(2,y, 2)
forany x : T - k*, so F} is not a semi-invariant.

Now we show how to find T-actions leaving > semi-invariant. While this will not find
all of the possible T-actions on X, it will find some of them.

Definition 5.6. Consider T = (k*)" acting on A" by A = I,,. Let
k
F= Z rim; € R,
i=1

where m; is a product of differentials, r; € F.

Let M = {a,,, € N* | m; a monomial appearing in F'} be the set of weight vectors and
pick w € M minimal with respect to the ordering given in definition 3.29. We define the
exponent matrix of F to be the matrix K with columns v —w for v e M ~ {w}.

Example 5.7. 1. F =y, - 07y, has monomial weights (1) : ((1)) so Kp = [(1)]

1 1 0 1 1
2. F=y0yyp—03 Y1Y3 + yoy3 has monomial weights ((1 (0) , (1) ) soKp=|0 -1[.
0 2 1 -1 1

Lemma 5.8. Let A € M,,,,(Z), F € R. Then F is a semi-invariant with respect to the T-action by
A if and only if:
AKp=0.

Proof. Suppose that F' has order p (order of the highest derivative in F'). Consider F as a
polynomial in the ring S = F[O (p) z], where the action of T on F' € S is inherited from the
action on the differential coordinate ring. Let m be the lowest order monomial appearing
in F', with respect to the ordering in definition 3.29.

Since Kr = [Kp 0],itis clear that AKF = 0 < £ is a rational invariant, by lemma 3.32.

It is also clear that this happens if and only if ' is a semi-invariant, since m is a monomial.
O

Corollary 5.9. Let U € My,x,,(Z) be a row Hermite normal multiplier, such that the last r rows of
UKp are 0. Let A be the last r rows of U. Then:

1. A has full row rank.
2. ris maximal and A is a maximal scaling matrix with F a semi-invariant.

Definition 5.10. Given a set of differential polynomials 3, we can form K, for each F; € 3
and define the exponent matrix of the system:

Rs=[Er ... Kg). (53)

We can then find the maximal scaling matrix A such that the F; are semi-invariant by
performing a Hermite normal form decomposition, exactly as we did for the rational
invariant case in corollary 3.36.
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Now that we can find the maximal action leaving {Fi}f:l semi-invariant, we briefly
discuss the choice of {F;}" . Since we are really interested in acting on V(I), we can choose
any set of generators {G,}", for I to be semi-invariant. The optimum choice remains an
open problem and is not discussed in-depth here.

One approach is to compute a Groebner basis (forgetting the differential structure) or
compute characteristic sets using an elimination ranking. This would certainly find the
torus action in example 5.5.

Given a system of differential equations where the variables and parameters have
units, we can immediately write down a scaling matrix. This comes from the arbitrary
choice of unit for fundamental quantities, like time or distance. Each fundamental unit
induces a scaling action on the quantities that are written in terms of it. This is actually
the beginning of the proof for the Buckingham Pi Theorem [46, Section 5].

Example 5.11. Consider question 1 from problem sheet 2 of the Part B course [5], modelling
the population of fish near a fishing port. The system is given by

atU=rU(1—%)—EU+Da§,U

for constants r, K, £, D, where U (¢, x) the number of fish.

Let F = KO, U~-rU(K-U)+KEU-KD U and pick a variable order: (U,r, K, E, D).
We calculate the maximal scaling matrix by performing a row Hermite normal form
decomposition of the exponent matrix Kp:

-1 1.0 0 0J[0 1 00 1000
1 000O0]fr 1 00 0100
UKr=[0 00 1 0f[0 -1 0 0|=[0 0 1 0
0 000110 0 1 0 0001
1 01 0 0fJlO 0O 01 0000
We have found a one dimensional scaling action given by A = [1 010 O].

5.3 Construction of Reduced Systems

We show that we can perform similar substitutions to theorem 4.14 to reduce the number
of parameters.

Suppose we have a system with dependent variables z = (z1, ..., z,) and parameters
c=(ci1,...,¢). Inparticular, X = {Fy,...,F,} ¢ F{21,...,24,¢1,...,¢,} [ [0icj], a8 9;¢; =0
forl<i<mand1<j<p. Letn=p+gq.

5.3.1 Scaling Actions on Dependent Variables

Suppose that we have a scaling matrix A € M,,,,(Z), acting only on the dependent variables
of the solution set X. Assume that the normal Hermite multiplier of A has the form

0
o[

Equation (54) has a natural interpretation, as in section 4.4: our invariants are given by
ctiz; and c% for some w;,v; € ZP. Under this assumption, we will only reduce the number
of parameters.

_ Wu
] withinverse W=| I, 0 |. (54)
W, W,

I, 0
Vi Ve
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By considering the algebraic ring F [z, ..., 24, ¢1, . .., ¢,] and applying the methods of
section 4.4, we can read off candidate invariants:

3= (12320 03g) = (1, ,6p) " % 2 (55)
c=(c1,00, .., 0pr) = (C1yeenycp)e. (56)

The auxiliary constants are
t=cVi (57)

Lemma 5.12. Let F' € R be a semi-invariant differential polynomial of the T s-action. Then we
can rewrite F' in terms of 3, ¢ and their derivatives up to a multiple of constants. In particular

“F(z,c) = F(((z,C)V“)WD) =F((,0)™)
for some scaling vector a € ZP.

Proof. The idea of the proof is to pick a Hermite multiplier such that the basis of invariants
has a nice form and use lemma 3.26. We will prove the lemma for a concrete, illustrative
example and note that it generalises easily. Recall F'(U,r, K, E,D) =K 0, U -rU(K -U) +
KEU-KDO>U, Aand V as in example 5.11.
The highest order of I is 2, coming from the differential 92 U. We consider the algebraic
ring:
Flo@){U,r K,E,D}|=F[U,r,K,E,D, U, Uy, Uy, Upy, Upy |

whose field of fractions will contain every rational differential polynomial of order 2.
The action of T on the original variables extends naturally to the matrix:

A =1 01001111 1]

as 0; A\-U = X-0,U for A e T. We first reduce the 1s in the columns corresponding to the
60U, by subtracting the column of U, which gives our first sequence of column actions

L5 _M], where M is the 5 x 5 matrix

described by multiplication on the right by V; = [ 0 I
5

with top row 1 and other rows 0.
Then A®V; =[A 0] and we can multiply on the right by the matrix V; = [‘(; 19] to
5
put it in column Hermite normal form.
Thus AV, V5 is in Hermite normal form, where

5, -M][V 0] [V -M
V1V2_|:0 I ”:0 ]5]_[0 I ]
Since V has the form assumed in equation (33) we can add the columns corresponding
to the U-invariant to the columns of the §U-invariants again, eliminating the -1 top row

while scaling U by the same constants as U. Hence our final Hermite multiplier for A(?)
is

1/11/2[[5 Ml

VioVM-M
0 I ’

0 I

Recalling the torus action defined in equation (52), by lemma 3.26 we have that
{0910€0(2),9¢(U,r K ,E,D)""}
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form a generating set for the rational invariants of order 2, as desired. In particular, it
suffices to consider the action on the indeterminates (of Oth order), find a generating set of
the rational invariants and evaluate the differential polynomial F' at these.

Furthermore, since any semi-invariant f gives us a rational invariant by dividing by a
monomial appearing f, 7 has the form of 3.26 and we have the desired re-write rule.
This substitution applied to semi-invariants is correct up to some constants, by lemma 5.2;
the scaling vector of the constants will be exactly u appearing in lemma 5.2.

Returning to our example,

F(((U.r K, E,D)V")W°) :F(g,r, 1,E,D)

K

U U U U o (U
o= )-r=(0-=)+E=-Dd*|=
at(K) rrU-g) PR a””(K)
=K?(Ko,U-rU(K-U)+KEU-KD.U)
=K2F.

This proof generalises easily enough by considering higher order rings F [O(N)z, ]
and performing more column operations for further dependent variables. O

Theorem 5.13. Consider the substitution:

z (Mg, (58)
¢ e (59)

and let G;(3,¢) = F;(¢"We 3, ¢We).

1. If (z,¢) € V(F,) is a solution to the original system, then (3,¢) = (z,¢)"" € V(G;) is a
solution of the reduced system.

2. If (3,¢) € V(G;) is a solution to the reduced equations, then (z,c) = (&3,¢)" e V(F;) isa
solution to the original system, where € is a vector of arbitrary constants.

Proof. 1. By lemma 5.12, there exists a € Z? such that:
Gi(3.€) = F (05, 0%) = F ((5.0") = B (((2.0Y") ) = " Fiz.0) = 0.

2. Consider F as a polynomial in F[©(N)z] for sufficiently large N and denote the
extended action of A by A’, with corresponding V'’ and W’. There exists u € Z" such
that:

F = Z avzuﬂ)7
veker A'nZn"
where only finitely many a, are non-zero, by lemma 5.2. Recalling that ker A’ c
ker W,” we see that

F (CW“ * z) Ay (CW“z)wv

veker ANZ™
— Z &vCWu(uH}) Sutv
veker ANZ™
— Z a CW“ u2u+v
v
veker ANZ™

— CWu u Z (LUZU+U

veker ANZ™
=WV F(2).
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Therefore:
Fi(z,¢) = Fi((£,3,0)") = F (£V % (3,0)™) =" F (G, 0)™) = €7 Gi5,¢) = 0.

]

5.3.2 General Case

If we wish to act on independent variables as well as dependent variables, we can intro-
duce dummy variables that behave like scaled versions of our independent parameters, as
in section 4.2.2. In particular, if we have independent variables z; and derivations 0;, then
we introduce new independent variables z;, such that Z; = Az; for some constant A € F.
We do this by adding z; 0; 2, — ; and 0; 2, to X for 7 # j.
We then substitute

82- Zj
H ~

0 T;
into our origiqal F; and clear the fractions introduced by the 0, Z; to create new differential
polynomials F;. Let this new system of equations be denoted

XT; = 532‘, 81 Zj

Theorem 5.14. 1. If (2(z),c) is a solution to ¥ then (2(z), ¢, z) is a solution to X.

2. Suppose (2(x),c, %) is a solution to 3 where & = ju » x with ju a vector of non-zero constants.
Then (z (ﬁ) ,c) is a solution to X..

Proof. Very similar to that of lemma 4.12. O

Example 5.15. We return to example 5.11, except we also act on the independent variables.
Let s,y be the dummy variables of ¢, z respectively. Then we substitute s,y into F:

F

Ko,U U
> —rU(K - KEU - KD—=
73 rU(K -U) + KEU R

Let
G =K(0,U)(02y)> - rU(K = U)(015)(02y)* + KEU(95)(02y)* = KD(92U)(9;5). (60)

We can then find T actions for which G is semi-invariant, where we choose the variable

100 -1 0 -1 -1
order (s,y,U,r, K,E,D). Wefind A=|0 1 0 0 0 0 2 | with normal Hermite
001 0 1 0 O
multiplier
[0 001 0 0 0]
0 100 2 0 O
0 000 O 1 O
V=10 000 0 0 1
0 010 0 -1 0
-1 001 1 0 -1
0 000 -1 0 0]
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which does not satisfy equation (54). This is because the only invariant of the second

transformation (corresponding to the second row) involving y and D is %yz. We employ
the method of section 4.4.1, square E and D and consider the equivalent equation

G =K, U)(0,y)? -rU(K -U)(0;5)(0,y)* + KE*U(9; 5)(0,y)? = KD*(02U)(0; 5).

200 -2 0 -1 -1
Now we have an action definedby A=|10 1 0 0 0 0 1 |which hasnormal
001 01 0 O
Hermite multiplier and inverse:
[0 0 01 0 0 0] 2 0 0 -2 0 -1 -1]
0O 0 00 1 0 O 010 0 0 0 1
0O 0 00 O 1 0 001 0 1 0 O
V=0 0 00 0O 0 1 and W=f1 00 0 0 0 O (61)
0O 0 10 0 -1 0 010 0 0 0 O
-1 -1 02 1 0 -2 001 0 0 0 O
[0 1 00 -1 0 0] 0001 0 0 0]
From this we can read off the invariants:
S Ey U r
$1=ﬁ, FZ:F’ 3=§, C=ﬁ (62)
and rewrite rules:
(SvyanrvKaEvD)H(?17;2757c7171a1)' (63)

Our reduced system is given by the PDE:

(0:3)(0:12)> = ¢3(1=3)(9rx1) (02 19)* +3(0¢ 11) (02 19)* = (875)(Dex1) = 0. (64)

Dividing through by (9;1,)(0,1,)? we see that
2

9,
_c3(1—3)+3—(a ;’)2 =0, (65)
22

hence the original system is equivalent to the reduced system

O3
0y 5

d3 d?3
— —c3(l-3)+3——= =0, (66)
dy, ( ) d?%

which has three parameters fewer than the original.
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